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We extend the classical Douglas integral, which expresses the 
Dirichlet integral of a harmonic function on the unit disk in terms of 
its value on boundary, to the case of conservative symmetric diffusion 
in terms of Feller measure, by using the approach of time change of 
Markov processes. 


1. Introduction. In the present work, we are concerned with a formula 
that goes back to Douglas [6]: 

(1.1) i / \VHf{x)\^dx = \ [ (/(^)-/(^))2 U{C,v)d^dr^, 

Jd JdDxdDXd 

where Hf denotes the harmonic function on the planar unit disk D with 
boundary value / and U{i,r]) = • 

In 1962, Doob [4] extended formula (1.1) to the case where D is a general 
Green space and dD is its Martin boundary by adopting the Naim kernel 
as U. Fukushima [8] identified the Naim kernel with the Feller kernel soon 
after and then utilized the resulting formula (1.1) as a basis to describe all 
possible symmetric Markovian extensions of the absorbing Brownian mo¬ 
tion on a bounded Euclidean domain [9]. The Feller kernel was introduced 
by Feller [7] for the minimal Markov process on a countable state space for 
the purpose of describing all possible boundary conditions on some ideal 
boundaries. A common feature of the mentioned approaches is that we are 
only given a minimal process on D a priori and we try to capture its Marko¬ 
vian extensions including the construction of intrinsic boundaries. 
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Since the sixties, investigations of Markov processes and associated Dirich- 
let forms have been developed considerably and we can now take the fol¬ 
lowing different but much more stochastic view of the formula (1.1). What 
is given in advance is the reffecting Brownian motion X on D and we con¬ 
sider its time-changed process Y on dD with respect to a local time on 
dD. The left-hand side of (1.1) is the Dirichlet form for Y (the trace of the 
Dirichlet form for X), while the right-hand side is its specific Beurling-Deny 
representation. Equation (1.1) tells us that Y is of pure jump and that its 
jumping mechanism, namely, the Levy system, is governed by the Feller ker¬ 
nel U which can be easily and intrinsically defined depending only on the 
absorbing Brownian motion Xjj on D. 

This viewpoint allows us to extend the formula (1.1) with great generality. 
Indeed, we consider in this paper a general symmetric diffusion process X 
with a general state space E and its time-changed process Y on an arbitrary 
closed subset F of E. We show in Section 5 that the jumping measure and 
the killing measure for Y can be identified with the Feller measure U and 
the supplementary Feller measure V, respectively, introduced in Section 2, 
depending only on the absorbed process Xq on G = E\F. 

The organization of the present paper is as follows. In Section 2, we con¬ 
sider a conservative Borel right process X which is symmetric with respect 
to a cr-finite measure m on a general state space E. Let F be a closed subset 
of E and let Xq be the process on G = E\F obtained from X by killing on 
its hitting time of F. We introduce a notion of the energy functional Lq for 
each pair of Xg-almost excessive functions on G, a variant of the concept 
described by Meyer (see [13]). By means of Lq, we can readily define the 
Feller measure U{d^,dr]) (a bi-measure on F x F), the supplementary Feller 
measure V(d^) (a measure on F informally called an escape measure) and 
the Feller kernel U{^,r]) when the Poisson kernel exists. In Example 2.1, we 
exhibit explicit expressions of these quantities for the case that X is the 
d-dimensional Brownian motion (d > 3) and F is the (d — l)-dimensional 
compact smooth hypersurface. 

From Section 3 on, we assume that X is a diffusion, namely, its sample 
paths are continuous. In Section 3, we focus our attention on excursions of 
the sample paths of X away from the closed set F, and we identify the Feller 
measure and supplementary Feller measure with the expectations of certain 
homogeneous random measures generated by the endpoints of excursions. 
We make use of a description of the joint distribution of endpoints of ex¬ 
cursions previously studied by Hsu [14] for reflecting Brownian motion on a 
smooth domain. 

From Section 4 on, we further assume that X is associated with a regular 
Dirichlet space {E,m,F,£) (without loss of generality owing to the transfer 
method). In Section 4, we first prove that F always admits an admissible 
measure fj, in the sense that // charges no set of zero capacity and possesses 
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full quasisupport F. We then show, by applying a general reduction theorem 
formulated in the final section (Section 8), that the time-changed process Y 
of X with respect to the positive continuous additive functional with Revuz 
measure n can be restricted outside some X- and R-polar set to be a Hunt 
process. This reduction enables us to use a general theorem [11] directly to 
express the jumping measure and the killing measure in the Beuring-Deny 
representation of the Dirichlet form for Y by means of the Levy system of 
F. 

By making use of the results in Sections 3 and 4, we prove in Section 5 
the stated main assertion (Theorem 5.1) that the jumping measure and the 
killing measure for the time-changed process Y are identical to the Feller 
measure and the supplementary Feller measure, respectively. Theorem 5.1 
tells us that the trace Dirichlet form S{Hf,Hf) always dominates the gen¬ 
eralized Douglas integral with the Feller measure. By assuming that m{G) 
is hnite, we prove in Section 6 that they are identical under the condition 
that the energy measures do not charge the set F for any u^T. This 
condition is satisfied when the energy measures are absolutely continuous 
with respect to m [the densities are so-called square field operators r(u)] 
and m{F) = 0. We also characterize this condition in terms of the notion 
of the reflected Dirichlet space of the part of £ on the set G formulated by 
Silverstein [19, 20] and Chen [3]. In the course of the proof, we make full use 
of several results in [11] to recover and extend the method in [4] and [8] for 
computing the Dirichlet norm of the classical harmonic function. 

In Section 7, we apply the obtained results to the reflecting Brownian 
motion on the closure of a bounded Lipschitz domain D C associated 
with the Dirichlet space H^{D). In this case, the relative boundary dD 
is known to be identical with the Martin boundary of D, so that Doob’s 
representation of (1.1) is recovered by the present approach. 

In Section 8, we formulate a general theorem of reduction of a right process 
to a Hunt process properly associated with a regular Dirichlet form. 

2. Feller measure U, supplementary Feller measure V and Feller kernel. 

Let be a Lusin topological space and let m be a a-hnite positive Borel 
measure on E. Let X = (Xt,P^) be a conservative Borel right Markov pro¬ 
cess on E which is m-symmetric in the sense that its transition function pt 
satishes 




Fix a closed set F and put G := F'^. Denote by T the hitting time of F. 
Let 


p^,{x,A):=P^{XteA,t<T), 


xgG, AcG, 
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be the transition function of Xq, the absorbed process oi X on G, which is 
obtained by killing X on leaving G. Then Xq is symmetric with respect to 
the measure me = tG ' [11]. The resolvent of Xq is denoted by ii®. 

A measurable function u on G is said to be a-excessive for Xq if for every 
X G G, 

u(a;) > 0, p^u{x) ^ u{x)^ t i 0. 

If the above properties hold for mc-a-e. x G G, then u is said to be a-almost-excessive. 
A 0-excessive (resp. 0-almost-excessive) function is simply called excessive 
(resp. almost excessive). Let us denote by Sq the totality of Ac-almost-excessive 
functions on G finite mc-a.e. and let denote the integral of uv with 

the measure me- 

Lemma 2.1. For any u,v ^ Sq, 

(2-1) I{u-Ptu,v)^^ 

is nondecreasing as t | 0. If moreover v is pi-invariant in the sense that 
p^v = v, t>0, then (2.1) is independent of t> 0. 

Proof. We set 

e{t) = {u-p^u,v)^^. 

Then, for t,s>0, 

e{t + s) = e(t) + {p^u - = e{t) + {u- p^,u,p^v)^^ < e{t) + e(s), 

the last inequality being replaced by equality if v is p^-invariant. □ 

Let us define the energy funetional of u, u G Sq by 

( 2 . 2 ) LG{u,v)=\imj{u-p%,v)^^. 

We note that Lg{u,v) is nothing but the value of the energy functional of 
the excessive measure u ■ me and the excessive function v for Xg in the 
sense of Dellacherie-Meyer and Getoor when Xg is transient and u ■ me is 
purely excessive ([13], Proposition 3.6). We also have the formula 

(2.3) Lg{u,v)= lim a{u-aR'lu,v) 

a —>00 ^ 

as an increasing limit because, by the Fubini theorem, 

poo 

(2.4) a{u-aR'iu,v)^^= e-\t/a)-'^ {u - p^/„u,v)^Jdt. 
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For a > 0, let be the a-order hitting measure for F, that is, 

H^{x,B) ■.= E^{e-°'^lB{XTy,T <oo), x€G,BeB{E). 

Let be denoted by H and let H°‘{x, •) be carried by E, since F is closed. 
It is easy to see that, for any / G B{F)'^, H°‘f is a-excessive for Xq- 
We also consider the function on G defined by 

(2.5) q{x) = P^{T = oo){=l-Hl{x)), x€G. 

Then q is not only excessive for Xq, but also p^-invariant. 

We now let, for f,g^ bB{F)~^, 

(2.6) U{f®g)=LG{Hf,Hg), V{f) = Lg{H f,q). 

We call U the Feller measure for F with respect to m because it is a bimea¬ 
sure in the sense that U{Is ® Ic) is a (possibly infinite) measure m B £ B{F) 
[resp. G £ B{Fy\ for each fixed G (resp. B). Measure IL is a (possibly infi¬ 
nite) measure on F and is called the supplementary Feller measure or, more 
informally, the escape measure for F. We see in Section 4 that U is a cr-finite 
measure on F x F off the diagonal and that IL is a cr-hnite measure on F. 
For a > 0, we also dehne the a-order Feller measure Ua for F by 

(2.7) UM 0 5) = «(^“/, Hg )^^, f,g£ 6e(F)+. 

Lemma 2.2. The formulae for f,g £bB{F)'^ are 

(2.8) U{f 0 5) = Imr ^E^s-^o < t, /(Xt)), 

(2.9) C/(/0 5 )= lim Ua{f®g). 

0.^00 

Proof. The first formula follows from 

P-{T < t, fiXr)) = Hfix) - p^tHfix), x£G. 

The second formula is a consequence of (2.3) and H^f = Hf — aR^Plf. □ 

The notion U goes back to Feller [7], who introduced a version of U by 
(2.9) and utilized it to describe possible boundary conditions for a minimal 
Markov process on a countable state space. 

The supplementary Feller measure V has more specific properties: 

Lemma 2.3. (i) For any t>0, a> 0, 

V{f) = < tJiXT)), f £ bB{F)+, 

V{f)=a{Hy,q)^^, febB{F)+. 


( 2 . 10 ) 

( 2 . 11 ) 
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(ii) If m{G) < oo, then F = 0. 

(iii) Ifm{G) < oo and P^{T < oo) > 0 form-a.e. x G G, then P^{T < oo) = 1 
for q.e. x G G. 

Proof. Part (i) follows from invariance of q, Lemma 2.1 and (2.4). 

If m[G) is finite, then the right-hand side of (2.10) tends to zero as t —> oo 
and we get (ii). Part (iii) follows from (i) and (ii). □ 

When the hitting measure H{x,-) has a suitable density with respect to a 
certain measure p, on F, then the Feller measure U has also a density with 
respect to p x p. In the rest of this section, we assume that there exist a 
cr-finite measure p on F and a finite-valued function iF(x,^), x G G, ^ G F, 
strictly positive {me x p)-a.e. such that 

(2.12) H{x,B)= [ K{x,i)p{di) VF G F(F) for mc-a.e. x G G, 

Jb 

and iF(-,^) is Xc-almost excessive for every ^ G F. The function K^{x) = 
K{x,f) is called a Poisson kernel with respect to p. 

We put 

(2.13) U{^,ri) = LG{Ki,K^), (,V€F, 

which is called a Feller kernel with respect to p. 

In fact, if we define the a-order Poisson kernel by 

(2.14) F„(x,e)=F(x,0-«F°F«(x), xeG,C^F, 
and the a-order Feller kernel by 

(2.15) Uo^i^,rj)=a{Ki,K^)^^, p € F, 

then, by (2.3), 

(2.16) U{C,v)= lim Ua{C,v), 

OL^OO 

and we get from (2.9) that 

U {df, dp) = U (C, p)p{df)p{dp). 

Example 2.1 (Brownian motion and a compact hypersurface). Let X 
be the standard Brownian motion on with d > 3. Let S' be a G^ compact 
hypersurface so that G = \ S is the union of the interior domain Di 

and the exterior domain Dg. The absorbed Brownian motion Xq has the 
transition density 

Ptix,y) = nit,x - y) - E^[n{t - T,Xt - y);T <t], 

1 
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where T is the hitting time of S' by X. Density p^{x,y), x,y £ Di (resp. x,y £ 
De) is the fnndamental solution of the heat equation 

(2.18) = ^A^u{t,x), t> 0, X £ Di {resp. X £ De), 

with the Dirichlet boundary condition 

u{t, x) =0, X £ S. 

Denote by a the surface measure on S. Then we can get the expressions 
P^{T £ ds, Xt £ d^) = g{s, x,^) ds a{d^) 

with 

(2.19) = x£D,,i£S, 

( 2 . 20 ) = x£De,(£S, 

where n| and n| denote the inward normal and outward normal at ^ £ S, 
respectively. A proof of (2.19) was given in [1], page 262. We give a similar 
proof of (2.20) for completeness. 

We extend a smooth function h on S to De by 

h{y)=Ey{h{XT);T<cx^), y£De. 


It can be seen that h is a harmonic function on De vanishing at oo and 
hence the first derivative of h are bounded on De [see the paragraph below 
(2.25)]. On the other hand, we can see from (2.17) that, for each T > 0 and 
a > 0, there are positive constants Ci,C 2 such that 


( 2 . 21 ) 


dpt{x,y) 

dyk 


< Cl exp(—C' 2 |x 


y?): 


0<t<T, l<k<d, |x —g|>a. 


For large i? > 0, we put D^ = {x £ De'. jxj < R} and denote its outer bound¬ 
ary by S/j. For a fixed x £ D^, we have by Green’s formula 


dpl{x,y) 


dn^ 


’DR 

1 

~ 2 


h{y)dcr{y) 


-\^yP^six,y)jHy)dy 




dp°(.x,y),, N , / N ,1 

-^-^k(,y)da(y) + - 


>^R 


P^six,y)^^^da{y). 
on,, 
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By the above observations, the last two integrals vanish as i? —> oo. Sub¬ 
stituting (2.18) into the resulting equality and integrating in s, we arrive 
at 

Jo =Kx)-p%ix) =E^{h{Xt);T <t), 

proving (2.20). 

Accordingly, the Poisson kernel and the a-order Poisson kernel with re¬ 
spect to a admit the expressions 


( 2 . 22 ) 


POO 

K{x,i)= j g{s,x,^)ds, 
Jo 


poo 

K^{x,i)= e-^^g{s,x,i)ds, xeG,US. 

Jo 

The a-order Feller kernel Ua{C,g) is the sum of and U^iC,g), where 

l/;(^,r/)=a/ Kiix)K^ix)dx, 

JOi 

Ua{C,ri)=a[ Kl{x)K^{x)dx, 

From (2.19), (2.20) and (2.22), we can get, for ^,g^dD, 

uUi,ri) = dt, 


1 

= (l-e-“^) 


(9n| dn\^ 
(9n| (9n® 


dt. 


By letting a —> oo, we are led to the following expressions of the Feller 
kernel; 

(2.23) ^ 




We consider the special case that S = S/j, the sphere of radius R centered 
at the origin. The Poisson kernel with respect to the surface measure a is 
then expressed as 

1 R^-\x\^ 


(2.25) 


K{x,g) = 


_ I n^R \x-g\‘^ ’ 


1 


\x\^-R^ 


^dR \x — ’ 


|x| <R, ge S/j, 


|x| > R, ge Sr, 
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where denotes the area of the unit sphere in Note that, for Dg = 
{|a:| > i?} and a continuous function / on 

{Hf){x)= j K{x,ri)f{ri)da{r]), x e De, 

is the unique harmonic function on Df. taking value / on S/j and vanishing 
at oo. 

By (2.24), we obtain an explicit expression of the Feller kernel: 

(2.26) t/(e,r?) = ^|e-r/r'', ^ / r?. 

We can also obtain an explicit expression of the supplementary Feller 
measure V. By virtue of the above observation, ffl(x) = jfpr 2 , x ^ De, and 
consequently we get from (2.10) and (2.20) that 

V{dO = v{CMdO 

with 



The integral on the right-hand side converges in view of (2.21). This expres¬ 
sion shows that v{^) is actually a positive constant, say, vq independent of 
^ so that 

(2.27) V{dO=vocT{dO, di^Bi'Ln). 

Some computations similar to those above were carried out in [17] for a 
certain Markov process and also in [8] and [14] for diffusions on an interior 
Euclidean domain. 

3. Endpoints of excnrsions and U and V . In the sequel, we further as¬ 
sume that X is a diffusion, namely, all of its sample paths are continuous 
on [0, oo). For any cj G 12, we define 

J{uj) = {t€ [0, oo) :Xt{u>) G G}, 

which is open and consists of all of excursions away from F of the sample 
path of to. 

We set, for t > 0, 

R{t) = inf(t, oo) n = inf{s > t:Xs € F}, inf 0 = oo, 
and, for t > 0, 

L{t) = sup[0,t) n = sup{0 < s <t: Xs & F}, 


sup 0 = 0. 
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Clearly R{t) = T o 6^ + t and for any s, f > 0, R{t) o Og + s = R{t + s). By 
continuity of paths, G -F if R{t) < oo and G F on T < t. The 

process ^L(t) stays on F until X hits F again and is adapted, but is 

not adapted in general. 

For t>0, we introduce the time reversal operator at t by 

rtuj{s) =uj{t - s), 

so that Xsort = Xt-s, s G [0, t]. 

Since X is m-symmetric and conservative, we have 

(3.1) E'^{Y ort) = E^{Y) 

for any Ft-measurable random variable Y (cf. [11], Lemma 4.1.2). 

We can see that 

L{t)ort = t-T, Xm) ort = 

onT <t. 


Lemma 3.1. For t>0, let R C [0,t], R C [t,oo) be nonempty intervals 
and let A,B G B{F). Then 


(3.2) 


P^{L{t) G /i, G Gl, W G G, R{t) G R, G B) 


= / P^iTGt-Ii,XTGA)P^{TGR-t,XTGB)m{dx). 

JG 

In particular, 

P^{L{t) G /i,Xi(t) GA,XtG G, G B,R{t) < oo) 

= / P^{TGt-h,XTGA)H{x,B)m{dx). 

JG 


(3.3) 


Furthermore, 

(3.4) 


P"^(L(t) G Ii, GA,XtG G, R{t) = oo) 

_ f p^(j'— j^^Xt G A)q{x)m{dx). 
Jg 


Proof. Clearly {L{t) G Ii,X£(f) G T} G Ff Since R(t) = T o R + t, by 
the Markov property and (3.1), we have 

P^(L(t) G h,XL(t) G A,Xt G G, R{t) G R, G B) 

= E^{L{t) G h , XLit) G A, {XoGG,XTGB,TGR-t)) 

= F™-[(]l|i(t)gj^^Xi^^^g^}(/)(Wt)) o rt] 

= E^[(j){Xo)-XTGA,TGt-h], 
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where c/){x) = 1g{x)P^{Xt ^ B,T ^ I 2 — t). This completes the proof of 
(3.2) and (3.3). Equation (3.4) follows from (3.3). □ 

Denote by I the set of all left endpoints of open (excursion) intervals in 
J. We note for s > 0 that s G / if and only if R{s—) < R{s) and that, in this 
case, R{s—) = s. It is convenient to add an extra point A to E and let 

Xoo=A. 

For any subset 5 of E, we write 5 a for 5 U A. 

For any nonnegative measurable function T on Fa x Fa, let us consider 

a random measure k(T, •) defined by 

(3.5) K(T,dt)= 

0<s : R{s—)<R{s) 

where £s is the point mass at s. By the above note, the random measure k 
may also be written as 

K{^,dt)= ^{Xs,XR^,))es{dt). 

0<s:sel 

Any function / on T is extended to Fa by setting /(A) = 0. By this con¬ 
vention, /05 denotes the function on Fa x Fa defined by T(x, y) = f{x)g{y) 
for f,g £ B+{F). We further let {f ^ lA){x,y) =/(x)/a(i/)- Obviously, we 
have, for f,g£B+{F), 

(3.6) K{f®g,dt)= ^ f{XR{s-)) 9 {XR(^s))£s{dt), 

0<s : R{s—)<R{s)<oo 

(3.7) K{f^lA,dt)= f(Xji(^^_))es(dt). 

0<s: /?(s —)<cx) 

R{s)=oo 

For later reference, we introduce the last exit time from F defined by 

(3.8) Sp = su'p{t > 0: Xt £ F}, sup0 = O. 

Then s = Si? > 0 if and only if R(s—) < 00 , R(s) = 00 and accordingly 

K(f 0 lA,dt) = f(Xsp-)£SF{dt). 

Lemma 3.2. The random measure k('I',-) is homogeneous for any T G 
B+iFAxFA). 

Proof. Since R(s) o 0^ + u = R(u -I- s), we have Xp^^g^ o Ou = 
and 

K(^,dt) o9u = E ^ R{u-\-s—) ? ^ R{u-\-s)')^s 

u<s-\-u: R(u-\-s—)<R{u-\-s) 
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— X! F"{^Ris-),^R{s))£s{dt + u) 

u<s: R{s—)<R{s) 

= K{'i/,dt + u) □ 

Theorem 3.1. Let f,g e B+{F). Then 
E^K{f^g,{0,t))=tU{f(^g), E^K{f ^ Ia,{M) = tV{f), t > 0. 

Proof. Forn > 1, let Dn := {tn,k = (fc-1)/2" : A; > 1} and In,k = [tn,k-i,tn 
for A: > 1. 

For 0 < s, we observe that R{s—) < R{s) and {R{s—),R{s)) fl Dn ^ 0 
if and only if R{s-) = L{tn,k) G In,k, G G and R{s) = R{tn,k) for a 

unique k depending on n. 

Therefore, by the monotone convergence theorem and using (3.3) and 
(2.8), we get 

E^K{f^g,{0,t)) 

= E^ E HXr^s-MXr^s)) 

0<s<0 R{s—)<R{s)<+oo 

^ ■ ^n,fc 

~ Ey E f{^L(t„^k))9{^R{tnD)'^{Dtn,k)Sln,k,Xt^ f.eG,R{t„^k)<Oc} 

^ • ^n,k 

= hm E / E^iTe{0,2-^]J{XT))Hg{x)mG{dx) 

k-.t^^k<t ^ 

= hm[2”t] / E^{T ^{{),2-^]J{XT))Hg{x)mG{dx) 

= tu{f ®g), 

where [2”t] is the largest integer dominated by 2^t. 

In the same way, from (3.4) and (2.10) we get 

E^K{f^lAdO,t)) 

= E^ E fi^Lis)) 

0<s<t,R{s—)<oo^R{s)=oo 

^ ■ ^ri,fc 

= hm E / E^{T e{0,2~"-],f{XT))q{x)mGidx) 

n ^^ ff-i 
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= lim[2"t] [ E^{T€{0,2-^]JiXT))q{x)mG{dx) 

« JG 

= tV{f). □ 

4. Admissible measure and time changed process Y . We still work with 
an m-symmetric conservative diffusion process X on E. Let {£,X) be the 
associated Dirichlet form on Lp‘{E]m). 

By virtue of the transfer method (see [16, 10]), we can and shall assume 
without loss of generality that the Dirichlet space {E,m,J-,£) is regular 
and X is an associated strong Markov process on E with continuous sample 
paths with infinite lifetime. By the regularity we mean that Li is a locally 
compact separable metric space, m is a positive Radon measure on E with 
full support and that E n Cq{E) is dense in T and in Cq{E). Here Cq{E) 
denotes the space of continuous functions on E with compact support. The 
capacity associated with this Dirichlet form is denoted by Cap. A set N with 
Cap(A^) is called an f-polar set. The phrase “L-q.e.” will mean “except for 
an f-polar set.” 

A quasisupport of a Borel measure is a smallest quasiclosed set outside 
of which the measure vanishes. It is unique up to the £-q.e. equivalence. 

Lemma 4.1. For a closed set E <Z E with Cap(T) > 0, there exists a 
nontrivial positive Radon measure p, on E such that p, charges no £-polar 
set, fj,{E\E) = 0 and the quasisupport of pL coincides with E, £-q.e. 

Proof. As in the preceding sections, we denote by T the hitting time 
of F. Take an m-integrable strictly positive function g on E and set 

fi{B) = P9-^{XT€B,T<oo), B€B{E). 

Clearly fj,{E \E) =0 and ji is a nontrivial positive Radon measure charging 
no set of zero capacity. If a quasicontinuous function f & E vanishes //-a.e., 
then E^''^{e~'^/{X t)) = 0 which implies that the quasi-continuous function 
E'{e~'^ f {Xt)) vanishes m-a.e. Hence / = 0 T-q.e. on E since the T-q.e. point 
of E is regular for F, and we can conclude on account of [11], Theorem 4.6.2, 
that F is a quasisupport of //. □ 

We call a measure pL admissible for the closed set F if it possesses the 
properties stated in Lemma 4.1 and its topological support Supp[^] equals 
F. The following sufficient condition for a measure p, to be admissible for F 
can be shown in the same way as in the proof of Lemma 4.1 (see also [11], 
Problem 4.6.1). 

Lemma 4.2. Let F be a closed set with Cap(F) > 0. If there exists a 
a-finite measure p with Supp[/r] = F such that F admits a Poisson kernel 
with respect to p in the sense of Section 2, then p is admissible for F. 
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From now on, we consider a closed set F with Cap(F) > 0. We fix an 
admissible measure // for F. Then /r is a smooth measure. Let be the 
PCAF (positive continuous additive functional) with Revuz measure /r and 
let F be its support, namely, 

F = {xGF;:P"(R^ = 0) = 1}, 

where 


= inf{t > 0: ^(t) > 0}. 

Then F is a quasisupport of /i (cf. [11], Theorem 5.1.5) and, hence, by 
choosing the exceptional set for (j) appropriately, we may assume that 

(4.1) FcF, Cap(F\F)=0. 

Let r = (rt) be the right-continuous inverse of (/>: 

(4.2) Tt = inf{s: (^(s) > t}, inf0 = oo. 

We set 

(4.3) Yt = X-j-t, t<(, where C = </>(oo)- 

Then Y = (Y), is a right process on the state space F with lifetime 

which is called a time change of X or the time-changed process (cf. [18]). 
We add a cemetery A to F and define 

hi = A, t>l 

so that the time-changed process T is a right process on Fa = F U A. We 
also note that 

(4.4) Yt.=Xr,_eF, t<C, 

owing to the continuity of the sample path of X. 

In general, the process Y = {Yt,(, is not a Hunt process. It could 

happen that G F \ F and Y may not be quasi-left continuous either. By 
making use of a general reduction theorem formulated in Section 8, however, 
we can show that the restriction of Y to the outside of a suitable exceptional 
set is actually a Hunt process. 

To this end, we recall some basic facts about the time-changed process 
T on F shown in [11], Theorem 6.2.1. Process Y is /x-symmetric and the 
associated Dirichlet form [denoted by (^,F)] on Lp‘{F,^) is regular. Fur¬ 
thermore, Y is properly associated with (<?,F) in the sense that ptu is an 
T-quasicontinuous version of TtU for any u G Lp‘{F;^), where pt (resp. T)) 
denotes the transition function of Y [resp. the semigroup associated with 
(F,F)]. 
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It is also clear from the preceding definition of the path Yt that the left 
limit Yt- exists in for all t > 0. Hence all the conditions in Theorem 
8.1 are satisfied by the time-changed process Y and we are led to the next 
theorem for Y. The capacity on F associated with {£.,F) is denoted by Cap. 
A set N C F with Cap(A^) = 0 is called an ^-polar set. 

Theorem 4.1. There exists a Borel subset F of F such that 

(4.5) F\F is S-polar and £-polar, 

F is Y-invariant and the restriction Y\p of the time-changed process Y to 
F is a Hunt proeess properly associated with £. 

By the general theorem, Theorem 8.1, we know only that the set F \ F 
is ^-polar. However, then T \ .F is F-polar by virtue of [11], Lemma 6.2.5. 
Hence 

F\F={F\F) + {F\F) 
is F-polar as well in view of (4.1). 

Finally we notice that the Dirichlet form {£,F) admits the following de¬ 
scription. Denote by Fe the extended Dirichlet space of T and take any 
rt G to be F-quasicontinuous. Then, due to (4.1) and [11], Theorem 6.2.1, 

IF = {/ G L‘^{F; pl): f = u fi-a.e. on F for some u G Fe}, 

(4.6) , 

£{f}f) = £{Hu,Hu), f^F, f = u pi-a.e. on F, u€Fe, 
where Hu is defined by 

Hu{x)=E^{u{Xt);T <oo), x€E. 

5. Identification of jnmping and killing measnres of with U and V. 

For simplicity, the restriction of the time-changed process Y to the set F of 
Theorem 4.1 is again denoted by Y. Then T is a Hunt process on T U A 
properly associated with the regular Dirichlet form {£,F) on LP‘{F;pl) and 
F\F IS not only F-polar, but also F-polar. 

Since the Dirichlet form {£,F) on L'^{F-,fi) is regular, it admits the 
Beurling-Deny decomposition; for any F-quasicontinuous functions f,g^F, 

£{f,g) = £^‘'Hf,g)+ [ {f{x) - f{y)){g{x) - g{y))J{dx,dy) 

JFxFXd 

(5.1) 

+ / f{x)gix)k{dx), 

JF 

where £^^^ is a symmetric form with a strong local property, J is a symmetric 
positive Radon measure on F x F off the diagonal d and A; is a positive Radon 
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measure on F. Measures J and k are called the jumping measure and the 
killing measure for the Dirichlet form (£,F), respectively. 

Since y is a Hunt process properly associated with we can use 

directly the general result of [11], Section 5.3, to describe J and k in terms 
of the Levy system of Y. Let {N{x,dy),’ip) be a Levy system of Y. More 
precisely N{x,dy) is a kernel on {F^,B{Fa)) with A^(x,{a:}) = 0, x G F, 
and '0 = 'ip{t) is a PCAF of Y such that, for any d' G B'^{F/\ x F/\) vanishing 
on the diagonal, 


\s<t J 

(5.2) 

= N{Y,,dy)^{Y,,y)d^{s)^, xGF. 

Let V be the Revuz measure of ifj with respect to Y. Then, by [11], Theo¬ 
rem 5.3.1, 


(5.3) J{dx,dy) = \N{x,dy)v{dx), k{dx) = N{x, A)n{dx). 

By the Revuz correspondence, we have, for any T G B'^{F^ x Fj\) van¬ 
ishing on the diagonal. 


(5.4) 


(5.5) 


/ , ^{x,y)J{dx,dy)=\im^E>^ ^ T(y,_,y,)/^(y) 

lFxF\d TO 2t 

= E e-“‘T(y,_,y,)/^(y,), 

0<t<oo 

J^^{x,A)k{dx)=]im^E'^ ^ T(y,_,A)/A(y.) 

= hm aE>^ V e-“'^(yt_,A)/A(yt). 

Q^CXD ^^ 

0<i<oo 


Theorem 5.1. We have 

(5.6) J>^U onFxF\d, U = 0 on {F x E\d)\{F x F), 

(5.7) k>V on F, V = 0 onF\F. 

Furthermore, if there exists a sequence of finite X-excessive measures 
increasing to m, then J = and k = V. 


Proof. It is known that = T, where T is the hitting time of the 
support F of 4>. Hence 

= inf{s : (j){s) > 4>{t)} = inf{s > t: 4>{s — t) o > 0} = T o 6t + t. 
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Since F\F is f-polar, we have 

P^{f = T) = l, £-q.e.xeE, 


and hence 

(5.8) = R{t) Vt > 0, P^-a.e. for f-q.e. x ^ E. 

For any 'h G B'^{F x E) vanishing on the diagonal, we have from (5.4), 
(4.4) and (5.8), 


2 / _ '^{x,y)J{dx,dy) 

JFxF\d 


hm aE^^ V e-‘^^^iYt.,Yt)IpiYt) 

(y.—*oo 

0<i<cxD 

0<t<oo 

lim aE^iYci), 

a^oo 


where 


0<t<oo 

R{t)<oo 


Since y is the Revuz measure of (p with respect to the conservative m- 
symmetric process X, we have from [11], Theorem 5.1.3, and [18], (32.6), 
that 

(S„) = 0^^”" i^a) dpiu)^ = ° 

= a-E^ r E e-“('^(*+“)-^(“))T(XR(i+,_),X«(,+,))#(u) 

^ 20 o<t<oo 

Ii(t+u)<oc 

= a-E"^ E 

^ ^ u<t<oo 

R(t)<oo 

= -E^( E e-“'^WT(X^(,_),X«(,)) r/{,>,}(u)de“^wY 

^ \i2(t)<oo ^ / 

= E e-“^WT(X^(i_),X^(*)).(e“'>(^^*)-l)) 

^ \_R(t)<oo / 

= “(-^a +-^a)> 
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where 


/■ := 


. 0<t<s 
R{t)<oc 


It := 




.s<t<oo 

R{t)<oo 


and they both are nonnegative. In other words, we have 

1 

1/ dd = lim 

<F\d 

as an increasing limit. By the monotone convergence theorem, we arrive at 
the inequality 


JFxF\d S 


(5.9) 


[ d^dJ > - lim I 

lFxF\d S 


= -S'" 

S 


. 0<£<s 
R{t)<oc 


Here we note that we can insert condition (p{t) > 0 in the summand of I ~, 
because this is true for t > T while <^(r) = 0 but the path can not be the 
left end point of an excursion at time T because q.e. point of F is regular 
for itself. By Theorem 3.1, (5.6) holds. The proof of (5.7) is similar. 

Assume now the existence of finite A-excessive measures {rrin} increasing 
to m. This assumption is trivially satisfied when m{E) < oo. Choose any 
nonnegative function ^ vanishing on d such that /FxF\d'^ dJ < oo. We let, 
for any u > 0, 

S„,n:= E e-“'^Wd/(AR(,_),A«(,)), 

u<t<oo 

R{t)<oo 

so that It = — 1)). It can be easily verified that = 

^a,0 ® Gs • 

Take a truncation function xn{x) = x A N, x G M, and set 

R,n,N = E^-ixNiE^,s • - Xiv(S„,.)), 

which then increases to It when we let A j oo and then n | oo. Since mn is 
a finite excessive measure, we have 

R,n,N = E^-{E^^{xN{Ea,o))) - E-^-{xn{E^,s)) 
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< E^-{xN{^a,0)) - E^-{xNi^a,s)) 

= E^-{XN{Ec.,o)-XN(.^a,s)) 

= E'^- (S„,o - ^a,s]N > S„,o) + E'^- {N - S„,o; S„,o >N> S„,,) 

<E^[ Y. 

\ 0<t<s ) 

R{t)<oo, <j>{t)>0 

The last expectation in the above is finite in view of (5.9) and (5.10). 

It follows that 




0<t<s y 

R(t)<oo 


Therefore we have 


(5.10) 


2 [ TdJ= lim -(/„ +limlim/+ ^) 

JFxF\d a^oos^° n N 


* \ 0<t<s ) 

R{t)<oo 


Inequalities (5.9) and (5.10) give an equality 


2 [ ^dJ = 

JFxF\d 


S 


\ 0<t<s / 

R{t)<oo 


By substituting 'h = / (g) g( for any f,gG Co{F) with disjoint support in the 
above equality, we get the desired identity by virtue of Theorem 3.1. The 
proof for k = V is similar. □ 


Corollary 5.1. Suppose that m is finite and the hitting measure has 
the Poisson kernel K{x,^),x € G,^ G E with respect to a a-finite measure 
p with Supp[/i] = F. Then p is admissible and the associated time-changed 
process Y {with a possible q.e. modification of its state space F) has as its 
Levy system 

(5.11) {U{C,v)p{dg),t), 

where U is the Feller kernel defined by (2.13) in terms of K and t denotes 
the nonrandom PCAF fj{t) = t ofY. 
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Proof. Measure is admissible by Lemma 4.2. By Theorem 5.1, 

J{d^, dr]) = (^, rj) ]x{dQ ]x{dri) on F x F\d 

and // is the Revuz measure of the PCAF t of Y. Hence, it suffices to show 
that the value of the right-hand side of (5.2) depends only on the function 
'L and the jumping measure J for q.e. x and that it does not depend on 
the special choice of N and v that express J as in (5.3). This can been 
readily seen from known formulae ([11], (5.1.12) and (5.1.14)) on the Revuz 
correspondence of the PCAF and the smooth measure. □ 

6. Trace Dirichlet form and Douglas integral with Feller measure. In 

the preceding two sections, we proved the following: Let {E,m,F,S) be a 
regular Dirichlet space and let X be an associated conservative diffusion 
process on E. Any function in the extended Dirichlet space Fe is taken to 
be £’-quasicontinuous. Let F be a closed subset of X with Cap(F) > 0, let 
fi be an admissible measure for F with Supp[/r] = F, let 4> he a PCAF of X 
with Revuz measure /i and let T be a time-changed process of X by means 
of (j). Process Y is /r-symmetric and its Dirichlet form on L?‘{F] //) is denoted 
by {£,F) which is also called the trace Dirichlet form of £ on F. In fact, in 
view of (4.6) and [11], Lemma 6.2.5, we have 

nL^(F;/r), 

( 6 . 1 ) 

£{fJ)=£{Hu,Hu), f = u\F,ueFe. 

Furthermore we have obtained in Theorem 5.1 that, for any f,g € F, 

£{f,g)>£^‘'Hf,g) + ^ f {f{x) - f{y)f{g{x) - g{y))U{dx,dy) 
JFxF\d 

(6.2) 

+ / f{x)‘^g{x)V{dx), 

JF 

the representation of the trace Dirichlet form £ in terms of the Feller mea¬ 
sure U and the snpplementary Feller measure V introduced in Section 2. 
In particular, the first integral on the right-hand side is called the Douglas 
integral with the Feller measure U. 

The Feller measure U and the supplementary Feller measure V are com¬ 
pletely determined by the absorbed (minimal) process Xq of X on the set 
G = X \ F, while the local term £^'^^ in the above decomposition is deter¬ 
mined by the behavior of X on the set F. On the other hand, the value of 
the Dirichlet form £{u, u) for u G Fe is known to be equal to half of the total 
mass of the energy measure of u. Therefore we may expect that 

£^‘^HfJ) = hh(Hu}{F), f = u\F,ueFe. 


(6.3) 
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We do not prove this, but more specifically, we show in this section that 
if vanishes for any then the trace Dirichlet form equals the 

Douglas integral with the Feller measure under the assumption that m{G) 
is finite. 

To this end, we first show the domination of the trace Dirichlet form by the 
Douglas integral under the setting that is a regular irreducible 

Dirichlet space and X is an associated Hunt process on E. We do not assume 
that X is of continuous sample paths, but we assume that X is conservative. 
We further assume that 

(6.4) m{G) < oo, Cap(F) > 0. 

We note that (6.4) and the irreducibility of £ imply that 

(6.5) P*(T<oo) = l, q.e.x&G, 

because then P^{T < oo) > 0 for q.e. x £ E hy [11], Theorem 4.6.6, and 
Lemma 2.3 applies. 

For any u £ E(,,b = XeC] L°°{E; m), its energy measure is dehned by 

( 6 . 6 ) f f{x)ix(^){dx) = 2£{uf,u)-£{u^j), f£Tr^Go{E). 

E 

The energy measure uniquely extends to any u £ Ee and it holds that 

(6.7) £{u,u) = lfi(^u){E), u£Ee. 

Let 

= {u£E:u = 0 q.e. on F}. 

Then {E^,£) is a regular Dirichlet space on L?‘{G',m) which is associated 
with the absorbed process Xq ([H], Theorem 4.4.3). Recall that denotes 
the resolvent operator for Xq- Since 

Ril{x) = 1 — E^{e~'^) < 1, q.e. x £G, 

by (6.5), we see that {E^,£) is transient by virtue of [11], Lemma 1.6.5, and 
moreover, the extended Dirichlet space E^ of E^ admits the expression 

E^ = {u £ Ee:u = 0 q.e. on F} 

due to [11], Theorem 4.4.4. 

Denote by {G) the space of positive Radon measures of finite 0-order 
energy integral with respect to {E^,£). If G Sq^\g), then there exists a 
unique R^v £ E^ called the 0-order potential of v such that 

£{RPi>,v) = [ vdv, 

Jg 


( 6 . 8 ) 


uGFnC'o(G). 
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Equation (6.7) extends to any quasicontinuous function v G 

We write {f,g)G = We know from [11], Theorem 1.5.4, that if 

a nonnegative measurable function f on G satishes that (/, < oo, 

then 7?o+/ G and 

(6.9) S{R^o+f,v) = if,v)G, 

We know further from [11], Theorem 4.6.5, that Hu G Te for any u £ J-e and 

(6.10) £{Hu,v) = 0 VuG.F°. 

We prepare a lemma which generalizes the methods of computing the 
Dirichlet norms of classical harmonic functions employed in [4] and [8]. 

Lemma 6.1. For any u G Fe,b> 

w = H{u^)-{Huf {eFe,b). 

Then 

(6.11) w € and w = EPv for n = fj,(^Hu)\G- 
Furthermore, 

(6.12) m^Hu){G)= \vcn a{H°'l,w)G- 

Proof. Since is an algebra and w = 0 q.e. on F, we have that 
w G From (6.6) and (6.10), we have, for any f e Fn Co(F))(c F^), 

£{wJ) = -£{{Huf,f) 

= 2£{Hu-f,Hu)-£{{Hufj)= [ fdyi^Hu), 

J G 

arriving at (6.11). 

Since iLl = 1 q.e. on G by (6.5), we have 

1 - 77"! = aP[]+Lr“l 

and hence Rq^H°‘1)g < oo. Accordingly, for any n G Sq^\g), from 

(6.8) and (6.9) we get 

a(i7“l, R°n)G = T(a72[j+77"1, R°n) = (aR^^H^l, n) = (1 - 77"1, n) t i^(G). 
Hence (6.12) follows from (6.11). □ 

Theorem 6.1. For any u€Fe, 

h{Hu){G)< [ {u{i)-u{rj)fU{di,dri). 

JfxF 


(6.13) 


TIME CHANGE AND EELLER MEASURE 


23 


Proof. This follows from (6.12) and the identity in [8], (15), 

a{H^l,w)G + Oi [ {Hu{x) — 

JfxG 

u{0 - u{v)fUa{d^,dr]), 


(6.14) 


JFxF 

which can be easily verified. □ 


Theorem 6.1 combined with (6.7) leads to the following. 


Corollary 6.1. Suppose that 

(6.15) /r(„)(F) = 0 \lu^Te- 
Then, for any u^Te-, 

(6.16) £{Hu,Hu)< \ [ — u{rj))^U{df,,dvi). 

JfxF 

We emphasize that condition (6.15) is satisfied if the energy measure of 
u is absolutely continuous with respect to m, that is, a carre du champ 
operator T{u,u) exists for any u€ !F and m{F) = 0. 

We can now state the main theorem of this section. 


Theorem 6.2. Let {E,m,J-,£) be a regular irreducible Dirichlet space 
whose associated Markov process on E is a conservative diffusion. Eor a 
closed set E C E and its complement G, we assume condition (6.4). We 
further assume condition (6.15) for the energy measures associated with £. 
Then, for any u e L‘^{F, fj.) CiEe, 


(6.17) £{Hu,Hu) = h [ {u{ff) — u{r]))^U{df,,dr]). 

JFxF 

Proof. By (6.1) and (6.2), we already have the converse inequality to 
(6.16). 

□ 

We may view Theorem 6.2 from a quite different angle. The Dirichlet 
form {E, £) on Lf{E; m) is in a sense an extension of the absorbed Dirichlet 
space {E^ ,£) on Lf{G; m). What kind of extension are we dealing with under 
condition (6.15)? This question can be answered in terms of the notion of 
the reflected Dirichlet space initially formulated by Silverstein [19, 20] and 
finally by Chen [3]. 
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We continue to consider a regular irreducible Dirichlet space 
associated with a conservative diffusion X on E and we assume condition 
(6.4) for a closed set E C E and its complement G. 

Let be the reflected Dirichlet space (in the sense of [3]) 

relative to the regular Dirichlet space {J^,£) on L?‘{G]m) associated with 
the absorbed process Xq- 

Theorem 6.3. Condition (6.15) is equivalent to 

(6.18) E\G(ZJ^a^-, £{u,v)=£'''^\u\g-,v\g)-, u,v€E. 

Proof. By (6.10) and the preceding description of the space JFg, we 
have, for any u€ Ee, 

(6.19) uo = u — HuGE^, £{u,u) = £{uo,uo) + £{Hu, Hu). 

We further know from (6.7) that condition (6.15) is equivalent to 

(6.20) £{Hu,Hu) = \p.(^Hu){G) Mu^Ee- 

Let Gk be relatively compact open sets increasing to G and let be the 
equilibrium measures of the 0-order equilibrium potentials for the sets 
Gk relative to the extended Dirichlet space {E^,£): 

Ck G 0 < Cfc < 1, Cfc = 1 on Gk, £{ek,v) = {v,Lk)G, v G 

We then have 

(6.21) fj,(^Hu){G) = lim {H{u‘^)-{Hu)‘^,Lk)G, u £ Ee,b- 

k^cx) 

In fact, using the notation in Lemma 6.1 we see that 

{w, Lk)G = £{w, Cfc) = lek,v)G, 

which tends as A; —> oo to v{G) = By comparing the combination 

of (6.19), (6.20) and (6.21) with Definition 3.1 in [3] of the reflected 
Dirichlet space, we get the equivalence of (6.15) and (6.18). □ 

Takeda ([22], Theorem 3.3) showed that the Lfl reflected Dirichlet space is 
the maximum Silverstein extension of {E^,£) in a specific semiorder. When 
{E^,£) is the Dirichlet space of the absorbing Brownian motion on an ar¬ 
bitrary bounded domain D, equals which has been described 

[9] in terms of the Feller kernel on the Martin boundary (see also the next 
section). In view of Theorem 6.3, we thus see that the Dirichlet space {E,£) 
satisfying condition (6.15) corresponds to a member of the class Gi of [9], 
Section 8, in this special case. 
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7. Application to reflecting Brownian motion on a Lipschitz domain. Let 

D he a bounded Lipschitz domain of with d>2 and let D = DU dD be 
its closure. As is well known [2, 15], dD (resp. D) can then be identified 
with the Martin boundary M of H (resp. the Martin space HUM) and M 
consists only of the minimal boundary points. In what follows, we regard 
the relative boundary dD also as the Martin boundary of D under this 
identification. 

Denote a Martin kernel by iL(x,^), x € D,^ € dD. By the Martin rep¬ 
resentation theorem [5], any positive harmonic function h on D can be ex¬ 
pressed as the integral of the Martin kernel against a unique positive Radon 
measure on dD called the Martin representing measure of h corresponding 
to K. We let p. be the Martin representing measure of the constant harmonic 
function 1 corresponding to K: 

(7.1) 1= [ Kix,C)fi{d^), xeD. 

JdD 

We now consider the space 

(7.2) D = H^{D), S{u,v) = l f Vu-Vvdx, u,veH^{D), 

Jd 

which can be regarded as a strongly local regular Dirichlet space on L?‘{D) 
[rather than L^(H)] and hence there exists an associated conservative diffu¬ 
sion process X = (At, on D uniquely up to the q.e. equivalence ([11], 

Example 4.5.3). We fix such a process X and call it a reflecting Brownian 
motion on D. 

Let T be the hitting time of dD on X and let H{x,-) be the hitting 
distribution of X on dD: 

H{x,B)=P^{XTeB,T <oo), xeD, B€B{dD). 

Lemma 7.1. The hitting distribution H{x, •) of X and the measure p, in 
(7.1) are related by 

H{x,B)= f K{x,^)ia{dC) VB e B{dD) for q.e. x G D. 

Jb 

Proof. Let X^he the absorbed process of X obtained by killing X at 
time T. Thus, Xd = {Xt, with lifetime given by 

(7.3) = T. 

By virtue of [11], Theorem 4.4.3, Xd is associated with the part of the 
Dirichlet form (7.2) on the open set H, namely 

{7.A) Pd = H^{D), Sd{u,v) = ^ f Vu-Vvdx, u,vGH^{D). 

JD 
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Since the absorbing Brownian motion on D (the standard Brownian motion 
on killed upon leaving the set D) is also associated with the Dirichlet 
form (7.4) ([11], Example 4.4.1), we see that Xd = coincides in 

law with the absorbing Brownian motion on D for q.e. starting point x € D. 

According to Doob’s description of the structure of Brownian motion on 
the Martin space ([5], page 727), we therefore have that 

{7.5) P^{X^D_ € B) = f K{x,i)n{di) VB€B(5E)) for q.e. xeZl. 

J B 

The lemma follows from (7.3) and (7.5). □ 

Since the Martin kernel K{x,^) is harmonic in x € D, it is excessive with 
respect to the absorbing Brownian motion on D and consequently almost 
excessive with respect to X^ for each ^ G dD. Therefore Lemma 7.1 means 
that the Martin kernel K{x,^) is a Poisson kernel with respect to /x in the 
sense of Section 2. Hence, by dehning the Feller kernel as (2.13) in terms of 
the present Martin kernel, we have the expression of the Feller measure 

(7.6) U{d^,dr]) = U{C,ri)fi{d^)fi{dr]). 

We also see by Lemma 4.2 that /x is an admissible measure for dD in the 
sense of Section 4. 

On the other hand, we can see from (7.2) and (6.6) that the energy mea¬ 
sure /x^„^ of XX G .Fe admits the expression 

(7.7) /X(„)((ix) = |Vxxp(x)dx, 

which does not charge the boundary dD. Hence all the conditions of Theo¬ 
rem 6.2 are satished for F = dD. 

Theorem 7.1. (i) The measure /x on dD defined by (7.1) is admissible 

with respeet to the form (7.2) in the sense of Section 4. 

(ii) For any £-quasicontinuous u G Lfi{dD]pL) n Pe, 

(7.8) £{Hu,Hu) = ^ f {u{f,)-u{r]))'^U{f,,r])fi{df,)fi{dri), 

JdDxdD 

where Hu{x) = E^{u{Xt)]T < oo),x G D, and U{f,r]) is the Feller kernel 
defined in terms of the Martin kernel K. 

(hi) Let Y be the time-changed process of X by means of PCAF with 
Revuz measure /x. Then Y is reeurrent and of pure jump. In addition, Y 
admits as its Levy system 

(7.9) {U{f„rj)p.{dr]),t), 
where t denotes the nonrandom PCAF (j){t) =t ofY. 
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(iv) Let {tF,S) be the Dirichlet space on L?‘{dD,pL) of the time-changed 
process Y. Then 


(7.10) 


T=\feL\dD-,f,): / (/(^) - /(ry))^ 

JdDxdD 


X U{f,,r])p.{df,)iJ.{dr]) < oo L 


(7.11) ^(/,/) = i 


'dDxdD 


if if.) - fiwU if, ry)/i(dO/i(dry), fetF. 


Proof. Part (ii) follows from Theorem 6.2 and (7.6). Part (hi) follows 
from (ii) and Corollary 5.1. As for (iv), the inclusion C in (7.10) and identity 
(7.11) are clear from (ii) and (6.1). Suppose that a function / belongs to 
the space that appears in the right-hand side of (7.10). By virtue of [4], 
Theorem 3.1, we then have the expression of the function w{x) = Hf‘^{x) — 
{Hf{x))\ 

w{x) = R^^_\Y{Hf)\\x), xeD, 

where denotes the resolvent operator of the absorbing Brownian motion 
on D. Hence by setting H“l(x) = fQj^Ka{x,f)pi{dff) by the kernel defined 
in (2.13), we easily see that 


/ \V (H f)ix)\^ dx = lim 
Jd 

From identity (6.14) we see that the right-hand side of the above equality is 
dominated by 


IdDxdD 


(/(O - f{v)f U (^, r])n{dC)n{dr]) < oo. 


proving that H f G H],{D) (see [11], Example 1.6.1) and consequently f G iF. 

□ 


Equations (7.8) and (7.10) recover the Douglas integral description of the 
space of harmonic functions with finite Dirichlet integrals in [4] (but with 
the Feller kernel instead of the Naim kernel) for the present specihc Martin 
space (cf. [8]). 

8. Reduction to Hunt processes. This section is devoted to the proof 
of the following general reduction theorem especially applicable to the time 
changed process Y in Section 4. 

Theorem 8.1. Let [E,m,J-,£) he a regular Dirichlet space and let 
X = (Xt,P^) be a right process over a subset Ei C E with Cap(E \ Ei) = 0. 
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We assume that X is properly associated with £ in the sense that ptu is 
an £-quasicontinuous version of Ttu for any u G L‘^{X-,m), where pt (resp. 
Tt) is the transition function of X [resp. the L?' semigroup associated with 
{£,Xy\. We further assume that the left limit Xt- exists in E/^ for every 
t > 0. Then there exists a Borel set E 2 C Ei such that Cap{E \ E 2 ) = 0, 
E 2 is X-invariant and the restriction X\e 2 of X to E 2 is a Hunt process 
properly associated with £. 

We prepare two lemmas. 

Lemma 8.1. (i) For an open set Ac E of finite capacity, the function 

p\{x) = E'^{exp~'^^), xCEi, 

is an £ -quasicontinuous version of the 1-equilibrium potential ca C F of A. 
Here a a denotes the hitting time of the process X for the set A. 

(ii) If {An} is a decreasing sequence of open subsets of E with lim„ Cap(^,i) 
then 

lim P4 (x) = 0 for £-q.e. X C El. 

n—>00 

Proof, (i) It is known that p\ is a version of ca (cf. [11], Lemma 4.2.1). 
Since ptp\ is an £i-quasicontinuous version of Tica, we get the result by 
letting 11 0. 

(ii) Since £’(eA„,eA„) jO as n—>-00, (ii) follows from (i). □ 

Lemma 8.2. For any set N C Ei with Cap(A^) = 0, there exists a Borel 
set E' C El \ N such that Cap{E \ E') = 0 and E' is X-invariant: 

P^{Xt C E'^ for all t > 0, Xt- C E'^ for all t > 0) = 1, 

for all X C E'. 

Proof. There is a decreasing sequence of open sets An including the 
set [E \ El) U N such that lim„_>oo Cap{An) = 0. Lemma 8.1 then implies 
that 

(Xt or Xt- C Bq for some t > 0) = 0 y x C Ei \ Ni, 

where Bq = Hn [C {E \ Ei) U and Ni is some subset of Ei with 
Cap(W) = 0. 

Next we hnd a decreasing sequence of open sets An D Bq U Ni with 
lim„_,ooCap(74(,^) = 0 and let Bi =f)n-^'n- Repeating the same argument, 
we can hnd an increasing sequence of Borel subsets {Bn} of zero £’-capacity 
containing [E\Ei)C N such that 

P^{Xt or Xt- C Bn for some t > 0) = 0 for all x G \ Bn+i- 
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Put B = 1J„ Bn- Then E' = E\B satisfies the desired properties. □ 

Proof of Theorem 8.1. From Lemma 8.1, we can see as in the proof 
of [11], Lemma 4.2.2, that for any T-quasicontinuous function u on E, 

= 1, £’-q.e. X € El- 

Choose a countable subfamily Ci of Er\Co{E) which is dense in Cq{E) and 
denote by the set of all positive rational numbers. Since the functions 
Psf for s € Q^, f G Cl are T-quasicontinuous, we can find a set N with 
Cap(A^) = 0 such that the above identity holds for each u = ptf, s G Q~^, f G 
Cl and for all x G Ei\N. We then use Lemma 8.2 to get a Borel set E 2 C 
Ei\N such that E 2 is X-invariant and Cap(ii' \ LI2) = 0. Since X\e 2 is a 
right process on E 2 and 

P" (\impsf{Xt^) =Psf{Xt-) Vt > 0) = 1 

for all X G E 2 and for any s G Q^, f G Ci, we can also prove that X\e2 is 
quasi-left continuous on [0,00) in exactly the same manner as in the proof 
in [11], Lemma 7.2.5, completing the proof that X\e2 is a Hunt process on 

£'2- n 
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